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ABSTRACT: The bead and spring model of Rouse, Bueche, and Zimm is extended to describe the viscoelastic be-
havior of polymers with chain entanglements. Motion of the macromolecules is retarded by the presence of entan-
glements with neighboring chains. This effect is in part represented by selected beads along the chain having en-
hanced friction coefficients. These selected beads may have values of friction coefficients that are uniformly higher
than the unentangled beads, or are progressively higher as a function of the position along the chain. Major im-
provements in the model result when these entangle points are also assumed to be elastically coupled to the sur-
rounding medium. This coupling is modeled by interconnecting the entangled beads with springs having low spring
constants. The resulting equations of motion of the model contain a modified Zimm matrix that is nonsymmetrical.
The eigenvalues were obtained numerically on the computer to yield the relaxation spectra, permitting calculation
of dynamic moduli, relaxation moduli, steady-state shear compliance, and zero-shear viscosity for a series of molec-
ular weights. Agreement with experimental data on monodisperse polystyrene was found to be excellent for all
these properties. Of particular interest is the ability of the model to predict the equilibrium shear compliance as a
function of molecular weight, which was not achievable by earlier theories. The sensitivity of J.r to the fitting pa-
rameters renders it a useful discriminator in selecting the best model for describing chain entanglement effects in
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polymer viscoelasticity.

It has long been recognized that rheological properties of
polymers, in bulk or concentrated solution, manifest a
rather abrupt qualitative transition in form when molecu-
lar weight M exceeds a critical value M. This transition is
customarily explained in terms of the entanglement con-
cept, which postulates that a transient polymer network
can be formed when each molecule experiences at least two
loop-like entanglements with nearby molecules which im-
pede its response to deformation. A number of reviews
have been published on this subject.!-3

The molecular theory of viscoelasticity expounded by
Rouse,* Bueche,? and Zimm® has been eminently successful
in applications to polymers with M < M.. Above M., how-
ever, the theory is unable to predict many of the viscoelas-
tic functions, as shown in Table I. Numerous authors have
proposed modifications to the basic RBZ model in order to
remove the observed discrepancies. In this work, we shall
present a relatively simple method for modeling and inter-
preting entanglement phenomena which provides the capa-
bility of fitting all the data in Table I, i.e., the molecular
weight and frequency dependence of the dynamic moduli,
G’(w) and G”(w), the molecular weight and time depen-
dence of relaxation modulus, E.(t), as well as the molecular
weight dependence of steady-state shear compliance, J,,
and zero-shear viscosity, no.

Theory

1. The Enhanced Friction Model. The Rouse-Bueche—
Zimm (RBZ) theory represents the polymer molecule by N
+ 1 beads (frictional centers) held together with N entropy
springs. The equation of motion for such a system is, for x
components:4-6

alny

(2.4

x=v,5—9D - o2 x 1)
In eq 1, x and x are column vectors of bead positions and
bead velocities respectively, v, S is the solvent velocity, D =
kT/f is the diffusion coefficient, 4 In y/sx is the gradient of
the configurational potential, Z is the nearest neighbor
Zimm matrix, and ¢ = 3kT/b%f where b2 is the average end-
to-end distance of the submolecule and f is the frictional
coefficient. Equation 1 poses an eigenvalue problem whose
solution yields the distribution of relaxation (or retarda-
tion) times for the system, from which the rheological

properties of the polymer can be readily obtained for ho-
mopolymers without entanglement.

When M > M., both the magnitude and the distribution
of relaxation times are substantially affected by the pres-
ence of entanglements. Bueche” first suggested that the ef-
fect of entanglements can be explained in terms of the en-
hanced friction coefficients. More refined molecular
theories were subsequently published by Ferry,?
Chémpff,*10 DeGennes,!! Vinogradov,!2 and their cowork-
ers. In addition, a phenomenological treatment has been
given by Marvin and Oser.13

In previous publications we have modified the RBZ theo-
ry for the computation of relaxation spectra of block co-
polymers.!4-1® The block copolymers were modeled by
strings of beads of different friction coefficients. This
model can be readily adapted for entangled polymers,
which can be represented by a string of low-friction (unen-
tangled, or fast) beads among which are dispersed high-
friction (entangled, or slow) beads. If we designate the
high-friction beads as “A beads”, and low-friction beads as
“B beads”, then the equation of motion can be written as

aln

Xx=v,5~ DpD-1. w—aBD‘l-Z-x (2)

where og = 3kT/bg?fg, Dy = kT/fg, and D~ is the inverse

matrix of
"1
6A1.
-
Q 5:\1.‘
"1

with 6a = fa/fB. The distribution of 65’s along the diagonal
of D identifies the positions of entangled points in the
polymer molecule. Although Z is a tridiagonal symmetrical
matrix, the product D~!Z is not. The eigenvalue spec-
trum of the latter can nevertheless be readily obtained nu-
merically on the computer by the use of a subroutine for
nonsymmetrical matrices available at the University of
California Computer Center.

The entanglement positions will here be taken to be lo-
cated at regular intervals along the chain, an assumption
which is computationally convenient and facilitates com-

D= 3
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Table I
Linear Properties of Bulk Polymers
Rouse
Property Definition Reduced form Obsd when M > M, prediction?
Low-shear PRT 1 sp ~M?3>* to M*° ~M
viscosity 17,(M) AL N, §Tp
Steady-state 2Tp? ETp" 04 <Jegr < 0.8 0.4
compliance; g y § . when M < M,
reduced Jog (M) (37p) (£7p) 1/M when M > M,
Max relaxation nM 1 GaZ/N ~M>3 to M*° ~M?
time 7,,(M) PRT X, A, AT ~N, ~NM
D
Storage modulus PRT W Tp? 1 Wi, Rubbery plateau of No plateau,
G'(w) M % 1+ WiT,? Ne 71+ wiry,? width ~M?** to M3, G ~w"
with abrupt drop in
terminal zone
Loss modulus PRT WT 1 wTE’ Plateau with a No plateau,
G"(w) M P1+ wTy? _ZT/:% 1+ w?rp 2 minimum at higher w GP'~ w?
Relaxation? PRT o iy 1 Sot/7p Rubbery plateau of No plateau,
modulus G (¢) o xe N, width ~M>* to M>?, G ~ -

with abrupt drop in
terminal zone

a Useful for bulk polymers (1 < 77, ) in the absence of entanglements  For rubbery polymers E; = 3G,, which is used for

computing the curves in Figures 13 and 14.

‘/:7—\(’*" //\/
\\(,(&_D <
J
(a) (b)
{(c) (d)

Figure 1. Schematic representations of entangled polymer chains.
(a) Parent chain (solid line) entangled with passing chains (broken
lines); (b) entangled points are represented by slow (shaded) beads
with uniformly enhanced friction coefficients (indicated by sizes
of the shaded beads in comparison with the unshaded or unentan-
gled beads); (¢) entangled points are represented by slow beads
with decreasing friction coefficients toward the interior of the
chain; (d) entangled points are represented by slow beads with in-
creasing friction coefficients toward the interior of the chain.

parison among the different cases. Realistically, of course,
the entangled points are probably randomly distributed
along the macromolecule, but the need to introduce such
subtleties is dubious. As partial justification of constant
spacing, we might consider these slow beads as time or po-
sition averaged “effective” entanglement points.

Figure 1 shows the entanglement points as large shaded
beads along the chain. Sizes of the beads refer only to the
magnitudes of the friction coefficients, and not to the
masses of the beads which are all equivalent. The simplest
case here is the chain containing slow beads with uniformly
enhanced friction coefficients (Figure 1b). However, the
values of 65 can vary as a function of molecular weight, or
as a function of the number of entangled beads (N):

6a=aN? (4)

where « and § are constants. Chémpff and Prins!® as well

as Vinogradov and coworkers!? used a model with the
values of the friction coefficients of the slow beads varying
as a function of position along the chain (Figure 1c¢). The
entanglements situated near the ends of the chain were
given the highest friction coefficient with values of 4 vary-
ing according to the following relation:

8all) = al®
I1=1,2,3,...,N/2
I=1,2,3,...,(N.+1)/2

(N, even) 5
(N odd)

where I refers to the number of the slow beads. Counting is
initiated from the center bead(s) and progresses toward the
two chain ends. In eq 5, @ and b are constants. An alternate
model is shown in Figure 1d, where the slowest beads are
situated in the chain middle. Equation 5 still applies, but
now the counting begins from the chain ends toward the
chain middle. This latter distribution appears to be more
reasonable in that entanglements near the ends may be
more easily disentangled than those in the middle, and that
the chain ends usually are more mobile. In this work, all
three models will be examined and the results compared
with each other.

Although this model is conceptually similar to those pro-
posed previously, it is much simpler to use. For example,
the rather complex procedure of “decoupling” in the
Choémpff theory is circumvented. In addition, we have indi-
cated in our previous paper!® that small (~20 X 20) matri-
ces may be used for these computations with the same re-
sult as larger matrices. The resulting economy and efficien-
cy permit us to examine a large number of cases for com-
parison.

2. The Elastic Coupling Model. The enhanced friction
model described above only accounts for the retardation of
the molecular motion of the macromolecule due to drag
force imposed by the entanglements. However, as shown in
Figure 2a, as the slow bead moves through the medium it
must also pull along the neighboring molecule that is en-
tangled with the central molecule. As a consequence, an
elastic force must be developed at the point of entangle-
ment. It is well known in the theory of rubber elasticity
that such entanglements may be considered to be tempo-
rary physical crosslinks.!? When there are sufficient such
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Figure 2. Schematic representations of elastically coupled entan-
gled chains. The parent chain (solid line) entangled with three
passing chains (broken lines) in (a) is modeled by (b) where the
springs drawn by broken lines interconnect all the entangled
points.

crosslinks in the system, a rubbery plateau region will ap-
pear in the viscoelastic master curve due to the formation
of an infinite network structure. Thus at a given entangle-
ment point, that slow bead is elastically coupled not only to
the neighboring bead, on the parent chain, but also to the
medium through this network structure. The medium
transmits this elastic force weakly to other beads on the
parent molecule. We here model this coupling effect by in-
terconnecting each slow bead in the macromolecule to
every other slow bead on the same chain through weak en-
tropy springs (Figure 2b). Crudely, this intramolecular
elastic coupling can be viewed as analogous to the intramo-
lecular viscous coupling (“hydrodynamic interaction”) in-
troduced by Zimm® for dilute solutions.

The force balance equation for the unentangled B beads
can be written as follows:

RT\ /oln
2B =05 — <Z3—> (?:/) +
3kT
(b
where k = 0, N. Because of the additional élastic coupling

with the medium, the equation for entangled A beads must
be of the following form (with b2 = bg2):

< 3rT
fabg®

) (xp—1 = 2xx + xp41) (6)

) (xj_l - 2x1 + Xj+1) -

3kRT Ne
B g ea] o

where j = k = 0 or N.Ineq 7, subscript J is the usual posi-
tion index (j = 3, 6, ... for A beads in Figure 1) while { is
the index for slow beads alone, v defines the spacing fre-
quency of the entangle points (e.g., v = 3 in Figure 1) such
that N + 1 = »(N, + 1) — 1. Equation 7 also introduces ¢ as
a measure of the strength of the spring constant coupled to

the medium:
_ /3ET kT N\ _ ba?
€T <fAbe2>/<fAbA2> T b2 ®
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where b2 may be considered the average end-to-end dis-
tance of the “effective” submolecule connecting two slow
beads through the infinite network structure formed
through entanglement coupling. Since the coupling must
be effected through a rather circuitous route in the net-
work, b2 can be expected to be much longer than ba2 The
entropy spring for this type of coupling is therefore much
weaker than the “normal” entropy springs, and ¢ is a small
number.

Expressed in matrix notation, the equation of motion for
the elastically coupled model can be written as

alny

x=v,5— DgD"!. —~opD1Z, - x 9)

where Z is the “coupled” Zimm matrix. As an example, for
a chain in which every other bead is a slow bead (v = 2) the
form of Z, can be given by eq 10:

1 -1 0 0 0 o . |

-1 2+ —1 —¢ 0 e
0 -1 2 -1 0 0

Z.=] 0 ~—¢ -1 24y -1 —e (10)
0 o0 0 -1 2 -1
0 —e 0 . —e -1 2+y ..

L s sy

where vy = (N — 1)e.

Conceptually the elastic coupling model is similar to
those previously proposed by Graessley'® and by Forsman
and Grand.!® Graessley assumed the coupling of the slow
beads to take place through connection to the center of
gravity of a chain passing by the parent chain. The cou-
pling coefficient used by Forsman and Grand, although
physically not explicitly defined, is mathematically analo-
gous to our strength ratio of entropy springs (¢) given in eq
8. These latter authors solved their force balance equations
by imposing symmetry constraints on the entanglements,
and found that the principal effect of entanglements is to
increase some of the longest odd-order relaxation times.

Computational Details

In order to remove the arbitrariness in the specific
choices of the number of beads in our computation, we
shall use several reduced quantities in presenting the re-
sults of our computations. We have found that the results
of the computed relaxation spectra are insensitive to the
actual sizes of the matrices when the total number of beads
is approximately 20 or greater. Thus it is not necessary to
simulate the actual molecular weights of the polymers by
using very large matrices, such as the 500 X 500 matrices
employed by Chémpff and Prins.!® The polymer molecule
can be simulated by much smaller matrices if 65 and ¢ are
adjusted to compensate for the different submolecule sizes.
The submolecule size, of course, is a function of the num-
ber of beads. In other words, it fixes the size of the matrix
for a given molecular weight. The frictional coefficient
ratio, 64 = fa/fm, will be a function of fg which is equal to
m¢ « M/(N + 1) « NJ/(N + 1) where m is the number of
monomer units in the bead and { is the monomeric friction
coefficient.? If one assumes that the physical point of en-
tanglement is always within the designated submolecule,
independent of the submolecule size, then f4 is constant.
Therefore, 6, is proportional to (N + 1)/N,. The validity of
this relationship is shown in Figure 3 in the plot of log
(rm/™m®) vs. log da¢a where the fraction of entanglement
beads is ¢pa = N/(N + 1), 7,0 is the maximum relaxation
time with no high-frictional beads in the molecule, and 7,
is that for a chain in which every other bead is a slow bead.
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Figure 3. Double logarithmic plot of the ratio of maximum relaxa-
tion times of a chain with alternating fast and slow beads (v = 2) to
that with fast beads only (unentangled polymer) vs. AN¢/(N + 1)
or SAdA.

The slope of unity indicates that r, is proportional to da¢a
for a wide range of 6o¢a. There is some deviation, however,
at small values of §a¢a. The other relaxation times are gen-
erally affected in a similar manner, so that calculated visco-
elastic functions for different size matrices are indistin-
guishable.

Because 654 must vary with ¢a, for convenience we shall
define the reduced frictional coefficient enhancement ratio
as:

84’ = 0AN/(N + 1) (11)

which is independent of the size of the matrix. The 85 used
and the actual calculations in the D matrix can be easily
obtained from eq 11 for any size matrix.

In the same spirit, we shall define a reduced spring con-
stant strength ratio, ¢. The length of the submolecule in
the chain is

ba2=bg2= (r2)/N « M/N « N/(N + 1) (12)
From eq 8, we get
€= ba%/be? o« No/(N + 1)be? (13)
Thus the reduced spring constant ratio, defined as
¢ = e[(N + 1)/N.] = e/pa = 1/b2 (14)

is proportional to the inverse of the average dimensions of
the effective submolecule connecting the slow beads
through the medium.

Finally, we shall define a reduced relaxation time by first
noting that the relaxation time in the RBZ model is

7, = 1/2a0)\; (15)
where )\; is the ith eigenvalue, and
o = 3kT/bg%fB (16)
In addition,
fB=m{=M{/(N+1) = NJ/(N +1) (17

Combining eq 12 and 15-17 we find that =, = K¢a2/A;,
where K is a lumped parameter, and from this define the
reduced relaxation time

' =1/K = ¢a%/N; (18)

The scale of these reduced relaxation times is substantially
independent of our arbitrary choice of N, and their distri-
bution is also independent of these choices as long as N is
greater than approximately 20. Obviously, of course, the
number of such relaxation times in the spectrum is equal to
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Figure 4. Double logarithmic plots of dynamic storage moduli G’-
and loss moduli G” against measurement frequency in rad/s for a
chain containing slow beads with uniformly enhanced friction
coefficients and no elastic coupling (case IA). In this and subse-
quent figures through Figure 12, solid lines are computed curves,
and triangles, crosses, and circles are the data of Onogi?® for mono-
disperse polystyrene of molecular weights 1.13, 2.67, and 5.80 X
105, respectively. The discrete lines atop the figure represent the 7;
spectra predicted by the model for the cases considered, and their
numerical values are given by the reciprocals of w read from the
abscissa.

N. In Table II, only the reduced values 64’, ¢, and =7;” are
displayed for the cases studied here.

Results of the computations will be compared in most
cases to the data of Onogi, Masuda, and Kitagawa2?® for
monodisperse polystyrene, samples 137, L22, and L18 with
M = 1.13, 2.67, and 5.8 X 105, respectively. We arbitrarily
assume that entanglements are equally spaced along the
chain (but not at the end positions) with a spacing deter-
mined by reported experimental values M, = M./2. Porter
and Johnson! cite a range 15 000 < M, < 18 000 for poly-
styrene. Choosing M, = 17 000 we ascertain that the three
Onogi samples must contain N, = 7, 16, and 34 entangle-
ments, respectively. For illustration, the model is evaluated
in some instances also for N, = 4 and 2 (minimum possible
for network formation) entanglements.

The total number of Gaussian statistical segments in the
chain is somewhat arbitrary, equalling N = (M/M,) where
the segment molecular weight M, exceeds the Gaussian
minimum; the number of beads in the molecule is N + 1.
Figures 1 and 2 show a repeating pattern of three beads in
each entanglement sequence (v = 3), yielding M, =
17 000/3 and N + 1 = 3N, + 2. For this pattern, the three
Onogi samples are represented by N + 1 = 23, 50, and 104.
Table II shows that v = 3 was chosen for cases IIA1, IICI,
and IIC2, but even these moderate sizes of N can be re-
duced without influencing results. The rest of the cases in
Table II utilized » = 2 for the two largest Onogi samples, so
that N + 1 = 2N, + 1 and matrix sizes are 33 and 69 rather
than 50 and 104. This results in savings in computer time,
and several trials showed that the predicted results are
identical with those for » = 3. In our earlier work, it was
found that the largest 7; (of primary interest here) are in-
sensitive to N for N > 20; changes in N are compensated in
the mathematics by proportional changes in 64 because fp
has changed, and in ¢ because bg2 has changed.

The data of Onogi are limited to the dynamical mechani-
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Table 11
Model Parameters for Entangled Polymers
Model N+1 N, €' 54’ Jer 7
I. Enhanced Friction
A. Uniform distribution 23 7 0 0.70 N2 0.436 3.40 x 10?
—e—o—o— 33 16 0 0.70 N >2* 0.407 1.35 x 10*
69 34 0 0.70 N8 0.402 4.19 x 10
B. High-friction outside 23 7 0 4.84 (I)** 0.640 4.66 x 107
—@—e——-o—@— 33 16 0 4.84 (I)>* 0.640 1.27 x 10*
69 34 0 4.84 (I)** 0.640 3.47x 10°
C. High-friction inside 23 7 0 14.3 (1) 0.364 4.07 x 10?
——@—@—e—— 33 16 0 14.3 (I)** 0.322 1.43 x 10*
69 34 0 14.3 (1) 0.310 3.75 x 10¢
I1. Elastically Coupled«

A. Uniform distribution
1. Moderate coupling 14 4 0.0165 0.0654 Ng>7'* 0.479 1.33x 10
g pm smmwn oome ik

. . o . .84 X

104 34 0.0165 0.06564 N>7° 0.046 9.30 x 10°
2. Weak coupling 14 4 0.00328 0.0750 Ng34* 0.488 1.19 x 10
23 7 0.00328 0.0750 Ng>** 0.415 3.15 x 10?
33 16 0.00328 0.0750 Ng3*¢ 0.251 1.50 x 104
69 34 0.00328 0.0750 N5 0.092 6.92 X 10°

B. High-friction outside
1. Strong coupling 23 7 0.328 0.758 (I)5? 0.514 3.58 x 10?
33 16 0.328 0.758 (I)%* 0.213 1.46 x 10°
69 34 0.328 0.758 (I)%* 0.103 8.34 x 10
2. Moderate coupling 23 7 0.0328 0.205 (I)° 0.690 2.90 x 10?
33 16 0.0328 0.205 (I)® 0.342 1.24 x 10*
69 34 0.0328 0.205 (I)° 0.131 7.21 x 105

C. High-friction inside

1. Moderate coupling 14 4 0.0328 4,81 (I)* 0.630 2.30 x 10
23 7 0.0328 4.81 (I)* 0.353 4.47 x 10?
50 16 0.0328 4.81 (I)* 0.188 2.90 x 10*
104 34 0.0328 4.81 (I)* 0.094 1.50 x 10¢
2. Weak coupling 14 4 0.00328 5.80 (1) 0.568 2.20 x 10
23 7 0.00328 5.80 (I)** 0.368 3.85 x 10?
50 16 0.00328 5.80 (I)** 0.237 2.22 X 104
104 34 0.00328 5.80 (I)** 0.138 7.02x 10%

@ Valves of €' for Cases A, B, and C are chosen to give comparable fits to J,,; data in Figure 16.

cal moduli. For stress relaxation data, we shall use those
obtained by Akovali.?}?2 Specifically we used the data for
the following three molecular weights, 1.25, 2.67, and 6.88
X 10%, which correspond to N, = 7, 16, and 40, respectively.

Although Onogi’s data appear to be the most compre-
hensive available in covering an extensive frequency region
for a large number of molecular weights, it has been point-
ed out by Gupta, Shah, and Forsman?? that the value of
zero-shear viscosity obtained from the terminal zone of
G"{w) of the Onogi data appear to be inconsistent with
those reported by over 13 groups of other investigators at
corresponding temperatures. In addition, we note that
their G’(w) data are too flat in the rubbery plateau region;
the stress relaxation data of Akovali?! show a gradual but
continuous decrease in E,(t) with increasing time, which is
the expected behavior of uncrosslinked systems. These po-
tential discrepancies in experimental data must be borne in
mind when comparing them with the theoretical predic-
tions.

Results

1. Dynamic Mechanical Properties. The dynamic me-
chanical moduli can be readily computed once the relaxa-
tion spectra are known (see Table I). In comparing with the
experimental data, the theoretical curves are shifted verti-
cally and horizontally until the rubbery plateau and rub-
ber—glass transition regions coincide with the experimental
curves.

In the enhanced friction model, 84 is the only adjustable
parameter. It can be seen in Figures 4-6 that the use of 4
> 1 has the effect of broadening the rubbery plateau re-

gion in &’(w) and G"(w) as desired. The case of uniform en-
tanglement friction (64 = constant), which is case IA in
Table II and is schematically represented as —s—s—e— (Fig-
ure 1b), was fitted to G’(w) data as shown in Figure 4. The
three theoretical curves were obtained by adjusting 64 in
each case until the far terminal region was fitted exactly.
This procedure was equivalent to choosing a specific M de-
pendence for o which defines the breadth of the rubbery
plateau. For Figure 4 it turns out that 65 ~ M23, as could
be expected in view of the well-established Ferry, Landel,
and Williams procedure® of enhancing friction coefficients
by a factor @ ~ M?4 in order to achieve broadening of the
rubbery region.

Although the model is very successful for moderate-to-
low M, as revealed by the almost perfect fit for L37, serious
defects are revealed at higher M. The long flat shoulder
with slope % (which reflects simply a Rouse 7; spectrum in
the long-time region, as represented discretely across the
top of Figure 4) falls far under the real shoulder. This
means also that the predictions of no(M) and J.g fail in ex-
actly the same way as the conventional Rouse model. An-
other defect is apparent in Figure 4; the minima in the G”
plateau are much too deep, a deficiency shared to a lesser
extent also by the Graessley!® and Chémpff®10 theories.

Phenomenologically, the defects in Figure 4 would be re-
medied if the 7, spectrum in the terminal zone were nar-
rowed (building up the shoulder) and more r; were added
to the early plateau region (raising the G” minima). The
latter is achieved if we introduce the very plausible physi-
cal case of position-dependent §4. These are just cases IB
(-@—¢———e_@-) and IC (—-—e—@—-@—e——) of Table II, which
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Figure 5. Double logarithmic plots of dynamic storage moduli G’
and loss moduli G” against measurement frequency for a chain
containing slow beads with decreasing friction coefficients toward
the chain interior and no elastic coupling (case IB).
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Figure 6. Double logarithmic plots of dynamic storage moduli G’
and loss moduli G” against measurement frequency for a chain
containing slow beads with increasing friction coefficients toward
the chain interior and no elastic coupling (case IC).

correspond to the schematic diagrams of Figures 1c and 1d.

Results for these two cases are surprisingly similar and
both represent some improvement, as seen in Figures 5 and
6, except in the far terminal zone. Case IB predicts a totally:
nonphysical extra shoulder at low w on both G’ and G”
curves, which was not shown in the graphical presentation
of Chémpff and Prins.!® This mismatch is particularly
clear with sample L18. Earlier studies on block copolymers
have shown that the presence of high-friction beads at the
ends of the chains produces rather severe alterations in the
terminal regions of the relaxation spectra by shifting the
longest relaxation times farther away from the others.1®
This effect is clearly visible in the discrete r; spectra of
Figure 5.

It is clear from Figures 4-6 that in the enhanced friction
model, many of the same defects in fitting the terminal
shoulder and in predicting 5o and J.r (to be described
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Figure 7. Double logarithmic plots of dynamic storage moduli G’
and loss moduli G” against measurement frequency for a chain
containing slow beads with uniformly enhanced friction coeffi-
cients and moderate elastic coupling (case IIA1).
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Figure 8. Double logarithmic plots of dynamic storage moduli G’
and loss moduli G” against measurement frequency for a chain
containing slow beads with uniformly enhanced friction coeffi-
cients and weak elastic coupling (case IIA2).

later), shared by previous models, are retained. Thus, we
conclude that manipulating 84 alone is inadequate to give a
totally realistic representation of entanglement dynamies.

The addition of elastic coupling creates major qualitative
improvements in all model predictions (Figures 7-12).
Even with very weak coupling, marked benefits arise in fit-
ting the G'(w) shoulder for the uniform entanglement fric-
tion case (case IIA). The r; spectrum for sample L.18 atop
Figures 7 and 8 shows how a greater number of relaxation
times in the terminal region causes the improved curve fit
in the shoulder.

The effect of changing ¢ for the uniform 85 model is ex-
amined by taking ¢ = 0.0165 (case ITA1) and 0.00328 (case
ITA2). From the G’ and G” curves in Figures 7 and 8, there
seems to be no clear superiority between either. The larger
¢ gives a better fit in the G’ shoulder at high M, but the
smaller ¢ is somewhat superior at low M. Their G” predic-
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Figure 9. Double logarithmic plots of dynamic storage moduli G’
and loss moduli G” against measurement frequency for a chain
containing slow beads with decreasing friction coefficients toward
the chain interior and strong elastic coupling (case IIB1).
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Figure 10. Double logarithmic plots of dynamic storage moduli G’
and loss moduli G against measurement frequency for chains con-
taining slow beads with decreasing friction coefficients toward the
chain interior and moderate elastic coupling (case IIB2).

tions differ slightly in the flatness of their minimum
troughs but have similar depths which are excessive, pre-
sumably due to using a constant 64 rather than 64(). How-
ever, the agreement between theory and experiment is ex-
cellent in the values of maximum G’. Overall, cases ITA
must be classed as good fits and vastly superior to all cases
without elastic coupling (cases I).

Values of §5 were chosen separately to optimize the over-
all curve fit for each sample. This produced a relationship
da ~ MB45 for case ITIA2 and M375 for case IIA1 which we
used to generate the fourth curves in Figures 7 and 8 corre-
sponding to N, = 4 and M = 68 000. No data for this mo-
lecular weight are available, but Onogi’s other samples
bracket it nicely.

Now turning our attention to the elastic coupling model
with distributed entanglement friction coefficients, the
computed G’(w) and G”(w) curves are compared with Ono-
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Figure 11. Double logarithmic plots of dynamic storage moduli G
and loss moduli G’” against measurement frequency for chains con-
taining slow beads with increasing friction coefficients toward the
chain interior and moderate elastic coupling (case IIC1),
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Figure 12. Double logarithmic plots of dynamic storage moduli G*
and loss moduli G” against measurement frequency for chains con-
taining slow beads with increasing friction coefficients toward the
chain interior and weak elastic coupling (case IIC2).

gi’s data in Figures 9-12. The comparison was made by
choosing a reasonable ¢ and then finding §4(J) described by
eq 5, which offered the best fit for the three different mo-
lecular weights. The predicted G’(w) curves are good for

‘both slow-bead-outside (Figures 9 and 10) and slow-bead-

inside models (Figures 11 and 12). The unrealistic shoulder
at low frequencies shown in Figure 5 for the former van-
ishes when the coupling effect is introduced. The predicted
G’'(w) minima are less severe than before, as desired, but
the maxima also are less pronounced and lie lower than the
experimental data. Both models are relatively insensitive
to the magnitude of e.

Considering the class II models, the evidence here seems
to indicate that the elastic coupling can be very weak, with
¢ being of the order of 1073, and the theory still produces
quite good G’ results. However, ¢ cannot be zero. As indi-
cated in Figures 4-6, significant nonphysical predictions
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Figure 13. Double logarithmic plot of relaxation moduli, E.(t),
against time for a chain containing slow beads with uniformly en-
hanced friction coefficients and weak elastic coupling (case IIA2).
Solid lines are computed curves. Triangles, crosses, and circles rep-
resent the data of Akovali?! for the monodisperse polystyrene of
indicated molecular weights. The solid line for which no data were
available for comparison was computed for four entanglements,
which is equivalent to a molecular weight of 68 000.
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Figure 14. Double logarithmic plot of relaxation moduli, E.(t),
against time for a chain containing slow beads with decreasing
friction coefficients toward the interior of the chain and moderate
elastic coupling (case IIB2).

are obtained when there is no intramolecular elastic cou-
pling through the medium.

Although two parameters, 54 and e, are contained in the
elastic coupling models, our experience with data suggests
that they may not be independently adjustable. Using 64 =
al®, we note that the subjective best data fits for each class
(see IIB and IIC in Table II) yield values of b which are re-
lated to e. As larger values of ¢ are chosen, b must also in-
crease in order to achieve optimal curve fits. The correla-
tion b = 4.75 + log €!/2, for instance, was obtained for case
IIC from four choices of € (only two given here). The corre-
sponding values of a exhibited less regularity in their varia-
tion but, especially for IIC, did not vary strongly. This
suggests a curve-fitting strategy wherein a would be fixed
for the model (IIB or IIC) and only e allowed to vary. For
monodisperse polystyrene, then, only one independent ad-
justable parameter would exist here, as in the relatively
naive enhanced friction model (case I).

2, Other Mechanical Properties. The theory can also
predict other viscoelastic parameters, once the relaxation
spectrum can be calculated (Table I). The tensile stress re-
laxation modulus E.(¢) was computed and compared with
the Akovali data. This procedure reconfirmed that an elas-
tic coupling coefficient ¢ is needed to give reasonable fits to
data. Furthermore, the distributed 64 (I) models (cases IIB
and IIC) were again superior to the constant 64 model (case

Macromolecules
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Figure 15. Double logarithmic plot of the summation of relaxation
times (xnoM) against molecular weight. Points were computed,
with the solid line drawn through them. The Rouse prediction for
unentangled polymers is included as a broken line for comparison.

ITA), as demonstrated by the contrast of Figures 13 and 14;
a major improvement is noted in the rubbery plateau. In
general, E.(t) = 3G.(t) comparisons for each model had
success comparable to the G’(w) comparisons, as expected,
since G(t) is essentially identical with G’(w) when plotted
on 1/t = w axis. These computed curves are shown simply
for the sake of comparison with another set of literature
data.?!

Another viscoelastic parameter to be examined is the
zero-shear-rate viscosity, 7o. By virtue of selecting 55 and ¢
so that the terminal regions of G’(w) are matched, we are
assured of reasonable 7y predictions. All variations of the
model discussed here are shown in Figure 15. Most of the
computed points fall on the straight line of slope 5.0. Some
deviations, however, are noted for the uncoupled models
(cases I). Since Z71; « noM, the theory actually predicts 7
~ M4% when M > M.,. Also included as a dashed line is the
Rouse prediction of zero-shear viscosity for M < M., with a
slope corresponding to no ~ M.

The most interesting computed viscoelastic parameter to
be compared with experimental data is the steady state
shear compliance, J,. Graessley? has collected such data for
monodisperse polystyrene as computed from many types of
measurements, and we present in Figures 16a—d the enve-
lope of his plot (his Figure 5.15) of the reduced parameter
Jer = Je(pRT/M) vs. M. Superimposed on Figure 16a are
the J.r predictions of three noncoupled cases (cases I),
which obviously fail. Far superior, as seen in Figure 16b,
are the coupled systems with uniform entanglement fric-
tion (cases IIA). The latter, remarkably, predict a maxi-
mum which is strongly suggested by the accumulated data.
Apparently no other mechanistic model has achieved this,
although Janeschitz-Kriegl? pointed out that a separated
set of relaxations at long times would lead to such a maxi-
mum. A defect in the case IIA predictions is that high M
predictions cannot achieve simultaneously proper slope
and magnitude; choices of ¢ in Figure 16b satisfied magni-
tude but not slope. Data for several polymers® including
polystyrene (and with a range now extended?25 to M = 4.4 X
107) show that J.g ~ M1 at high M, and the model predic-
tions drop off faster than this in Figure 16b.

However, Figures 16¢ and 16d for the coupled systems
with distributed entanglement friction coefficients show
more realistic behavior; correct predictions are made of Jer
magnitude and slope at high M. The slow-bead-inside
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Figure 16. Double logarithmic plot of the reduced steady state shear compliance against molecular weight. Points were computed for cases
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model (case IIC, Figure 16d) seems to be even better than
the slow-bead-outside model (case IIB, Figure 16¢), as the
latter shows a rather precipitous drop in Je.g as M — M..
Case IIC1 seems to be better than IIC2 as the latter ap-
pears headed out of the envelope at high M, but both ex-
hibit the maximum in a reasonable way and are consistent
with the Rouse limit of J.g = 0.4 for unentangled poly-
mers.

The plot of Jeg vs. M is particularly useful in determin-
ing the limits of the range of ¢. Figures 16b-d show collec-
tively that increasing ¢ serves to reduce high M values of
J eR, also making the slope steeper. For each model, only a
small range of ¢ can be used to predict Jog within the
Graessley data band and also the J.g ~ M~! approxima-
tion.

Discussion

The present model enjoys great success in predicting
realistically all available linear viscoelastic properties, with
only two independent parameters needed to characterize
entanglement properties: the relative friction coefficient 54
= fa/fB which determines the breadth of the rubbery pla-
teau, and the relative elastic coupling coefficient ¢ which
permits realistic fitting of the rubbery G’(w) shoulder,
Je(M) and no(M). There is some evidence that the generali-
zation 85 = al® (——e-@-@—-e——) is optimal, and moreover
that a may be constant and b = b(e) so that only one inde-
pendent curve-fitting parameter is needed (at least, for the
data examined here for monodisperse polystyrene).

The scheme described here for equal elastic coupling be-
tween all entanglements along the parent molecule is cer-
tainly not the only reasonable one. Other topological ar-
rangements, such as position-dependent ¢(I), can be envi-
sioned. One version of this would be direct pairwise inter-
action along the chain, representing intramolecular entan-
glements which would be stronger than the present case

wherein the interaction is propagated more weakly through
the entanglement medium. Exploration of such pairwise
“internal” entanglements is now in progress. Another ver-
sion of position-dependent ¢(I) would have a systematic
variation with entanglement separation distance; this
would be analogous to Zimm’s dilute-solution analysis of
position-dependent hydrodynamic interaction between all
units of the chain.? Still another topology would be the to-
tally uncoordinated springs of Graessley.!®

An underlying presumption of the model is that complex
polymer network dynamics can be phenomenologically in-
terpreted in terms of their effect on individual chain dy-
namics. Although no rigorous justification can be presented
for this at the present time, it is a helpful concept which
permits employment of well-accepted mathematical and
physical formalisms. With addition of the new elastic cou-
pling proposed here, these formalisms lead to physical
property predictions which are entirely compatible with
data. It should also be pointed out that any model which
assumes that entanglements operate at fixed points along
the chain is physically inaccurate, since the entanglements
are always sliding and changing position. Some defects in
this concept have been emphasized by Ziabicki,26 among
them the impossibility of achieving normal-coordinate so-
lutions to the dynamical problem and meaningful eigenval-
ues. Despite these fundamental objections, we present our
present model in the spirit of a time average of entangle-
ment positions and dynamics and contend that its success
reflects the utility of such modeling.

In conclusion, we have in this paper demonstrated the
importance of taking into account the effect of intramolec-
ular elastic coupling along the parent chain through the
medium of passing chains. Modeling the entanglement ef-
fects solely by enhanced frictional coefficients at the entan-
glement points is inadequate in predicting the various
properties. By comparison with the experimental data of
G’(w), G”(w), E(t), no, and particularly J.gr, we find that in
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all the cases studied here, the best model is case IIC1 which
has distributed slow beads with the slowest beads in the in-
terior of the chain and elastically coupled via the medium
with a spring constant approximately 10~2 that for the in-
chain entropy springs.
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NMR Relaxation Time Studies of Polystyrene
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ABSTRACT: Proton spin-lattice (T';) and spin—spin (T's) relaxation times are reported for polystyrene (PS) samples
of low (10 K) and high (2 X 108) molecular weights and varying surface areas in oxygen, ambient, and in vacuo. The
measurements were made in order to elucidate the molecular dynamics responsible for the various NMR and dielec-
tric relaxation processes in PS and so clarify several sources of discrepancy in earlier literature data and interpreta-
tion. Correlation frequencies are determined from NMR data as well as data from other sources in the literature. A
molecular weight dependent o relaxation was observed which is in good agreement with previously reported data.
Variations in the positions and intensities of low-temperature T'; data are traced to spin diffusion to end groups and
either direct relaxation by Oy or spin diffusion to O 6r a combination of these. The intrinsic v relaxation is observed
in the T'; data but in the T2 data only in the presence of Og. By analogy with poly(n-vinylcarbazole) the v process is
attributed to low-amplitude torsional libration of the phenyl group. At low temperatures Oz contributes to the dipo-
lar field causing a reduction in T'>. Above the temperature corresponding to about 104 Hz for the « relaxation, the life-
time of the Oz phenyl ring complex is short and rapid relative reorientation of O with respect to the proton spin sys-
tem causes an increase in Ts. As a result there is a change in the T'; mechanism from spin diffusion to direct paramag-

netic relaxation by the diffusing Oz molecules.

A large volume of molecular relaxation data obtained
‘from dielectric, mechanical, and nuclear magnetic resonance
(NMR) techniques has been accumulated on the molecular
motions of polystyrene (PS). These techniques have revealed
the existence of multiple relaxations. With the exception of
the glass transition (a relaxation) there appears to be con-
siderable disagreement on the interpretation of the relaxation
time data.

Dynamic mechanical! and dielectric! relaxation of PS
samples including thermally degraded samples have shown
five relaxations below the glass transition at a frequency of 10
kHz. The 8 relaxation found at 360 K is attributed to local
oscillation of backbone chains while the v peak at 180 K due
to phenyl rotation is observed only in the mechanical mea-
surements. The v’ peak at 100 K is observed only in the di-
electric relaxation of bulk polymerized samples and is assigned
to the motion of weak polar bonds involving oxygen atoms in
the chain. A peak at 55 K in dynamic mechanical measure-
ments is believed to result from lattice defects caused by the
placement of a syndiotactic diad between isotactic sequences
or vice versa. The relaxation mechanism for the newly re-
ported e peak at 25 K is not known.

The NMR data on PS exhibit considerable variation in the
number of transitions, the temperature at which they occur,
and the assignment of the molecular processes responsible for
them. The available data are voluminous and no attempt will
be made here to review them; however, the conclusions of some
of the more widely referenced studies will be discussed. Hunt,
Powles, and Woodward? measured the spin-lattice relaxation
times (7';) of PS as a function of temperature. Three relaxa-
tions corresponding to T; minima at ~500, 260, and 130 K
were observed. The high-temperature minimum was identi-
fied with the « process. By comparing polystyrene with po-
ly(phenyl-L-alanine) it was suggested that the low-tempera-
ture minima might be due either to oscillation of the phenyl
ring or to reorientational motion of impurities such as residual
monomer which could lead to relaxation of the polymer by
spin diffusion, or to a combination of these two processes.
Examination of PS sample purified by reprecipitation from
toluene with methanol and dried in vacuum showed T'; be-
havior above 300 K similar to that of the previous sample.
However, a deep minimum which was observed at 160 K dis-
appeared on heating to 520 K and the repeated T'; plot was
now similar to that of the previous sample. The authors con-



